A set of natural numbers will be called harmonic if the reciprocals of its elements form a divergent series. An ultrafilter of the natural numbers will he called harmonic if all each members are harmonic sets. The harmonic ultrafilters are shown to constitute a compact semigroup under the Glazer addition and its smallest ideal is obtained.
Introduction
A set A = {a 1 , a 2 , . . .} ⊂ N will be called harmonic if the reciprocals of its terms form a divergent series, an∈A 1 a n = ∞.
Sets with divergent reciprocals also are known as harmonically large and their counterparts as harmonically small. Well-known examples of harmonic sets are N itself 1 and the set of the primes (known to Gauss; it is a direct consequence of his Primzahlsatz ). The main question concerning harmonic sets is the celebrated Erdös Conjecture: does every harmonic set contain arithmetic progressions of arbitrary length?
This conjecture, which is inspired by the van der Waerden Theorem on arithmetic progressions in cells on integers, is and remains open.
The family of all harmonic subsets of N will be denoted by H and we start with a simple a Ramsey-type property of H.
Fact 1.
The set H is partition regular. 1 The divergence of 1/n was already known to Nicole Oresme (c.1323 -1382); he used an argument that is still taught in calculus 101 today.
Proof. This means (see (3) , Definition 3.10
2 ): if the union r i=1 A i of finitely many subsets A i of N belongs to H, then there exists i ∈ {1, 2, . . . , r} and B ∈ H such that B ⊂ A i . As a matter of fact, there must be i for which A i itself belongs to H. If all A i were anharmonic, their union would be anharmonic too.
Next, Fact 2. The family H is left translation-invariant.
Proof. We have to show that: if A ∈ H and s ∈ N, then s + A ∈ H. This invariance under left translations is immediate: given s ∈ N, put N(s) = min{n ∈ N : a n ≥ s}; then, for N > N(s) we have
and for A ∈ H the last sum tends to infinity together with N.
We take some time out for a short commercial about Stone-Čech Compactifications. An extensive survey of the ideal theory in the compact semigroup βN is found in Hindman and Strauss (3). We only summarize some needed background information here.
As a set the Stone-Čech compactification βN consists of all ultrafilters on N. Each point of N itself is identified with the ultrafilter of its (discrete) neighborhoods. Next to these socalled fixed ultrafilters there must be a lot of free ultrafilters p (of one believes the Axiom of Choice in some form or another). For the subsets A of N the closuresĀ = {p ∈ βN : A ∈ p} form a basis for the closed sets of a topology on βN (but, strangely enough, also for the open sets). This way, βN turns out to be a compact space and every map from N into a compact space has a unique continuous extension to all of βN into the same compact space. Because (N, +) is not a group, but a semigroup, shifting some A ⊂ N over −x, where x ∈ N, must be defined with some care. One lets A − x = {y ∈ N : y + x ∈ A}. Ordinary addition of integers is extended to βN as follows: for two points p and q of βN, put
The extended addition is still associative and under this Glazer addition (βN, +) becomes a semigroup. Due to the asymmetry of p and q in this definition, this semigroup turns out to be highly non-commutative and addition is only continuous from the right.
A point p ∈ βN will be called a harmonic ultrafilter on N is all members A of p are harmonic sets. The focus of this paper is directed to the set of all harmonic ultrafilters.
In order to throw some light on the Erdös Conjecture, Hindman in (2) introduced the collection of all p ∈ βN with the divergence property that A ∈ p if and only if
In the present terminology D is the set of all harmonic ultrafilters on N. It is shown in (2) that Fact 3. D is a right ideal in βN.
For the sake of completeness we repeat Hindman's Proof. We have to show that D + βN ⊂ D. Take p in D and q somewhere in βN. Let A ∈ p + q. Will {a −1 : a ∈ A} = ∞?. Saying that A belongs to p + q means that we first have to consider those points x ∈ N for which A − x ∈ p, or {b −1 : b ∈ A − x} = ∞. For the summand b ∈ A − x there must exist a ∈ A with a = b + x (so that automatically a > x). In formula, {(a − x) −1 : a ∈ A and a > x} = ∞. This implies that
: a ∈ A and a > x}
: a ∈ A and a > x}.
Whereas the second sum converges, the first one does not and we infer that every A in p + q is harmonic, indeed.
In order to improve this result we first invoke some notation from Lemma 6.75 of (3): the collection of those ultrafilters on N all of whose members are supersets of sets in H is designated by ∆ H .
Fact 4. ∆ H = D.
In fact, let A N belong to any p ∈ ∆ H . Take b ∈ N\A and consider the proper superset B = A ∪ b of A. Since A belongs to ∆ H , all its supersets, in particular B, must be in H. Now, if A ∈ p would not belong to H, then addition of the single point b would turn it into the harmonic set B, which is impossible. Proof. We shall invoke Lemma 6.75 of (3). The following three remarks are relevant here.
(1) According to Fact 1 above, the family H of the harmonic subsets of N is partition regular. (2) The family ∆ H simply is D. In fact, let A N belong to any p ∈ ∆ H . Take b ∈ ∁A and consider the proper superset B = A ∪ b of A. Since A belongs to ∆ H , all its supersets, in particular B, must be in H. Now, if A ∈ p would not belong to H, then addition of the single point b would turn it into the harmonic set B, which is impossible.(3) The underlying collection H is translation-invariant by the above Fact 2. The Lemma 6.75 guarantees that D = ∆ H is a closed left ideal of βN. Together with the above result that D is a right ideal this implies that D is a two-sided ideal.
The equality ∆ H = D has a nice consequence: Corollary 1. Every harmonic subset A of βN belongs to some point of D; as a matter of fact, its closureĀ ⊂ D.
Proof. Let A ⊂ N and p ∈Ā (that is A ∈ p). For A ∈ H all supersets B trivially are harmonic. Hence p ∈ ∆ H by the definition of ∆ H . Theorem 5 guarantees that p ∈ D.
Being a closed ideal in βN, D is a compact semigroup for its own sake. By virtue of some fundamental results of Ellis, D has a unique minimal two-sided ideal K(D), generatedà la K(D) = DeD by a minimal idempotent element e ∈ D; cf. Thm. 2.5, Thm. 2.9 and Lemma 1.49 in (3). K(D) is called the smallest ideal of D; similarly, βN has the non-empty smallest ideal K(βN).
Proof. This is a consequence of (3) A well-known version of the van der Waerden Theorem reads: every piecewise syndetic set contains arithmetic progressions of any length; see (3), Thm. 14.1. Such piecewise syndetic sets certainly are harmonic. On the other hand, the most famous harmonic set, to wit, the set of all primes, is not piecewise syndetic but is does contain arbitrarily long arithmetic progression, as has been shown by Green and Tao (1).
